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PSEUDOLATTICES, DEL PEZZO SURFACES, AND LEFSCHETZ
FIBRATIONS
ANDREW HARDER AND ALAN THOMPSON
Abstract. Motivated by the relationship between numerical Grothendieck
groups induced by the embedding of a smooth anticanonical elliptic curve into
a del Pezzo surface, we define the notion of a quasi del Pezzo homomorphism
between pseudolattices and establish its basic properties. The primary aim
of the paper is then to prove a classification theorem for quasi del Pezzo ho-
momorphisms, using a pseudolattice variant of the minimal model program.
Finally, this result is applied to the classification of a certain class of genus
one Lefschetz fibrations over discs.
1. Introduction
The study of pseudolattices was initiated by Kuznetsov [Kuz17], who formalized
earlier ideas of Vial [Via17], Perling [Per18], de Thanhoffer de Volcsey and Van
den Bergh [dTdVdB16], and Bondal and Polishchuk [Bon04, BP93]. Pseudolattices
generalize the classical concept of a lattice, by removing the requirement that the
bilinear form be symmetric. The motivating example is that of the numerical
Grothendieck groupKnum0 pDpXqq associated to the bounded derived categoryDpXq
of coherent sheaves on a smooth complex projective variety X , equipped with the
Euler pairing.
Taken generally, pseudolattices form a very broad class, but there are a number
of special subclasses which exhibit interesting behaviour. The first, introduced by
Kuznetsov [Kuz17] and motivated by the properties of Knum0 pDpXqq when X is a
smooth projective complex surface, is the class of surface-like pseudolattices; these
are characterized by the existence of a special point-like element, which behaves
like the class of the structure sheaf of a point on X . Another class, introduced
in Subsection 2.3, is the class of p´1qn-Calabi-Yau pseudolattices, in which the
bilinear form is symmetric if n is even and skew-symmetric if n is odd; as suggested
by the name, their definition is motivated by the properties of Knum0 pDpXqq when
X is a smooth Calabi-Yau variety of dimension n.
Subsection 2.3 also introduces a relative version of the p´1qn-Calabi-Yau condi-
tion: this is the notion of a relative p´1qn-Calabi-Yau homomorphism between pseu-
dolattices. The motivating example is the derived pull-back i˚ : Knum0 pDpXqq Ñ
Knum0 pDpDqq, where X is a smooth complex projective variety of dimension n con-
taining a smooth anticanonical divisor D, and i : D ãÑ X is the inclusion.
In this paper, we shall primarily be concerned with a special type of relative
p´1qn-Calabi-Yau homomorphism, which we call quasi del Pezzo homomorphisms
(see Definition 3.7). The motivating example behind this definition is the derived
pull-back i˚ : Knum0 pDpXqq Ñ K
num
0 pDpCqq, where X is a quasi del Pezzo surface
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(i.e. a rational surface where a general member of the anticanonical linear system
is smooth), C is a smooth anticanonical curve, and i : C ãÑ X is the inclusion. To a
first approximation, one may think of quasi del Pezzo homomorphisms as relatively
p´1q2-Calabi-Yau homomorphisms where the source pseudolattice is surface-like,
but the full definition is somewhat more technical.
The main result of this paper (Theorem 3.25) is a complete classification of
quasi del Pezzo homomorphisms. As one may anticipate, this result parallels the
well-known classification of quasi del Pezzo surfaces: there are two “minimal” quasi
del Pezzo homomorphisms, derived from smooth anticanonical divisors in P2 and
P1 ˆ P1 respectively, to which all other quasi del Pezzo homomorphisms may be
reduced by a process of “contraction”. The argument should therefore be thought of
as a kind of minimal model program, refining Kuznetsov’s [Kuz17] minimal model
program for pseudolattices.
After proving this result, the remainder of the paper is dedicated to the appli-
cation of these results to the classification of genus one Lefschetz fibrations. These
are, roughly speaking, oriented, smooth, compact 4-manifolds Y fibred over (closed)
discs, so that a general fibre is a 2-torus and all singular fibres are obtained from a
2-torus by contracting a simple closed curve. After choosing a distinguished fibre C
over a base point on the boundary of the disc, monodromy acts on C as an element
of the mapping class group of a 2-torus, which is SLp2,Zq. The problem is then
to determine to what extent the data of the monodromy action and the number of
singular fibres determines the Lefschetz fibration.
An application of classical ideas reduces this problem to one about the structure
of the relative cohomology group H2pY,C;Zq. More specifically, after equipping
H2pY,C;Zq with a bilinear form, which we call the Seifert pairing after an analogous
notion in singularity theory, it acquires the structure of a pseudolattice, and the
classification of genus one Lefschetz fibrations is reduced to a question about the
classification of pseudolattices.
In this paper we concern ourselves with the special case where the genus one
Lefschetz fibration has n singular fibres and the monodromy action is conjugate
to
`
1 n´12
0 1
˘
; we call such fibrations quasi Landau-Ginzburg models after a related
notion due to Auroux, Katzarkov, and Orlov [AKO06]. In this case we show (The-
orem 4.14) that the natural homomorphism H2pY,C;Zq Ñ H1pC,Zq is in fact a
quasi del Pezzo homomorphism of pseudolattices, so we may deduce the classifica-
tion of quasi Landau-Ginzburg models from our main theorem. In particular, we
find that there are two “fundamental” quasi Landau-Ginzburg models, with 3 and
4 singular fibres respectively, to which all others may be reduced by a process of
“contraction”. In this setting, “contraction” intuitively corresponds to the process of
identifying a special singular fibre, which may be removed from the quasi Landau-
Ginzburg model to give a new, simpler quasi Landau-Ginzburg model that has the
same properties as the original.
The problem of classifying genus one Lefschetz fibrations has attracted signifi-
cant attention in the literature in recent years; we mention here only those papers
most closely related to our results. In the case n ě 12, our classification is essen-
tially equivalent to a result of Cadavid and Vélez on matrix factorizations [CV09,
Theorem 20]; see also Baykur and Kamada [BK15, Theorem 7] for a similar result
stated in terms of Lefschetz fibrations.
In the remaining cases n ď 12, a number of examples of quasi Landau-Ginzburg
models may be constructed by considering open sets in rational elliptic surfaces
containing a singular fibre of Kodaira type I12´n; such surfaces were classified by
Persson in [Per90]. These examples have formed the basis for a large volume of
physics literature on string junctions (see, for example, [DZ99, FYY00]), and were
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used by Auroux [Aur15] to demonstrate that there are two inequivalent genus one
Lefschetz fibrations in the case n “ 4. The question of whether these examples com-
prise all quasi Landau-Ginzburg models with n ď 12 formed the original motivation
for writing this paper; it follows from our results that they do.
We also note that there is also a somewhat similar classification result in the case
where the genus one Lefschetz fibration has n singular fibres and the monodromy
action has the related form
`
´1 n´6
0 ´1
˘
; this was proved by Baykur and Kamada
[BK15, Theorem 7] for n ě 6 and Golla and Lisca [GL16, Theorem 3.5] for n ě 2.
One may use this to deduce a much weaker form of our result by adding two
additional singular fibres in a controlled way.
Finally, we remark that the fact that the classification of quasi Landau-Ginzburg
models parallels the classification of quasi del Pezzo surfaces may seem surprising,
but in the context of mirror symmetry this result is very natural. Indeed, if we
postulate a mirror relationship between quasi del Pezzo surfaces and quasi Landau-
Ginzburg models, so that the quasi del Pezzo surface X is mirror to a quasi Landau-
Ginzburg model Y , then homological mirror symmetry predicts that the derived
category of coherent sheavesDpXq onX should be derived equivalent to the derived
Fukaya-Seidel category FpY q of Y . Morover, if Y has chosen fibre C, it follows from
the discussion in [Sug16, Section 6.1] that Knum0 pFpY qq, with its Euler pairing, is
isomorphic as a pseudolattice to H2pY,C;Zq with the Seifert pairing. So we should
expect Knum0 pDpXqq to be isomorphic to K
num
0 pFpY qq, and the same classification
result should hold in both cases. Further discussion of the relationship between our
work and mirror symmetry may be found in Section 5.
The structure of this paper is as follows. In Section 2, we introduce the ba-
sic pseudolattice machinery that will be used throughout the paper, including the
definitions and fundamental properties of p´1qn-Calabi-Yau pseudolattices and rel-
ative p´1qn-Calabi-Yau homomorphisms. Much of the elementary material in this
section is originally due to Kuznetsov [Kuz17], whilst the material on pseudolat-
tice homomorphisms is inspired by the work of Anno and Logvinenko on spherical
functors [AL17].
The main section of the paper is Section 3, where we introduce the central
notion of a quasi del Pezzo homomorphism (Definition 3.7) and prove some of its
basic properties. This section culminates in the proof of the classification theorem
for quasi del Pezzo homomorphisms (Theorem 3.25). To prove this theorem, we
run a carefully controlled, relative variant of Kuznetsov’s [Kuz17] minimal model
program for pseudolattices, that allows us to guarantee that our homomorphism
remains quasi del Pezzo after each contraction step.
In Section 4, we apply these ideas to the classification of genus one Lefschetz
fibrations over discs. After recalling relevant background material we introduce the
notion of a quasi Landau-Ginzburg model (Definition 4.6). Most of the remainder
of the section is then dedicated to showing that the classification of quasi Landau-
Ginzburg models may be reduced to that of quasi del Pezzo homomorphisms (The-
orem 4.14), from which we may deduce the classification of quasi Landau-Ginzburg
models (Theorem 4.15 and Corollary 4.17).
Finally, Section 5 contains a brief discussion of the relationship between this
work and mirror symmetry. The main result here is Theorem 5.1, which should
be thought of as the shadow of a homological mirror symmetry statement on the
numerical Grothendieck groups.
Acknowledgments. The idea for this paper arose following discussions between
Charles Doran and the authors during a visit to the Harvard Center of Mathematical
Sciences and Applications (CMSA) in April 2018; the authors would like to thank
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2. Pseudolattices and Spherical Homomorphisms
We begin by discussing the theory of pseudolattices; this theory will form the
backbone upon which the rest of the paper is supported. This theory is largely based
on the work of Kuznetsov [Kuz17], who formalized earlier ideas of Vial [Via17],
Perling [Per18], de Thanhoffer de Volcsey and Van den Bergh [dTdVdB16], and
Bondal and Polishchuk [Bon04, BP93]; Subsections 2.1 and 2.2 are essentially a
recap of Kuznetsov’s ideas.
2.1. Generalities on pseudolattices. We begin with the central definition.
Definition 2.1. [Kuz17, Definition 2.1] A pseudolattice pG, x¨, ¨yGq is a finitely
generated free abelian group G equipped with a (not necessarily symmetric) non-
degenerate bilinear form
x¨, ¨yG : GˆGÑ Z.
A pseudolattice is called unimodular if the form x¨, ¨yG induces an isomorphism be-
tween G and HomZpG,Zq. To simplify notation, we will usually refer to pG, x¨, ¨yGq
by its underlying group G.
Many pseudolattices G come equipped an automorphism SG of G, called the
Serre operator.
Definition 2.2. [Kuz17, Section 2.1] Let G be a pseudolattice. A Serre operator
SG is an automorphism of G so that
xu1, u2yG “ xu2, SGpu1qyG
for all u1, u2 P G. If a Serre operator exists, then it is unique.
If we let χ denote the Gram matrix of x¨, ¨yG and treat u as a column vector,
then it is a simple exercise in linear algebra to show that the Serre operator SG is
given by the matrix product
SGpuq “ χ
´1χTu.
IfG is unimodular then χ´1 is an integral matrix, so every unimodular pseudolattice
has a Serre operator SG.
Definition 2.3. [Kuz17, Definition 2.2] An element e P G is called exceptional if
xe, eyG “ 1. A sequence of elements pe1, . . . , enq is called an exceptional sequence
if xei, ejyG “ 0 for all i ą j. An exceptional basis for G is an exceptional sequence
whose elements form a basis for G.
By [Kuz17, Lemma 2.3], if G has an exceptional sequence of length rankpGq,
then this sequence forms an exceptional basis and G is unimodular. The motivating
example behind these definitions is as follows.
Example 2.4. [Kuz17, Section 2] Given a saturated, k-linear triangulated category
C (where k denotes any field), one may define the Grothendieck group K0pCq of
C, which comes equipped with the Euler bilinear form x¨, ¨y : K0pCq ˆ K0pCq Ñ Z,
defined by
xF1,F2y :“
ÿ
i
p´1qi dimHompF1,F2risq.
The numerical Grothendieck group Knum0 pCq is then defined to be the quotient of
K0pCq by the kernel of the Euler form.
Kuznetsov shows that, when equipped with the Euler form, Knum0 pCq forms
a pseudolattice. Moreover, the Serre functor on C induces a Serre operator on
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Knum0 pCq, the classes of exceptional objects in C are exceptional elements inK
num
0 pCq,
any exceptional collection in C gives an exceptional sequence in Knum0 pCq, and any
full exceptional collection in C gives an exceptional basis of Knum0 pCq (although we
note that the converses of these statements may not be true).
Given an exceptional sequence, we may obtain another by the process of muta-
tion.
Definition 2.5. Assume that e P G is exceptional. The left and right mutations
with respect to e are endomorphisms of G defined, respectively, by
Lepuq :“ u´ xe, uyGe and Repuq :“ u´ xu, eyGe.
Given an exceptional sequence e‚ “ pe1, . . . , enq, we may obtain new exceptional
sequences by
Li,i`1pe‚q :“ pe1, . . . , ei´1,Leipei`1q, ei, ei`2, . . . , enq,
Ri,i`1pe‚q :“ pe1, . . . , ei´1, ei`1,Rei`1peiq, ei`2, . . . , enq,
and these two operations are mutually inverse.
2.2. Surface-like pseudolattices. There is an important subclass of pseudolat-
tices, called the surface-like pseudolattices. Many of the pseudolattices considered
in this paper will turn out to be surface-like.
Definition 2.6. [Kuz17, Definition 3.1] A pseudolattice G is surface-like if there
is a primitive element p P G such that
(1) xp,pyG “ 0.
(2) xp, uyG “ xu,pyG for all u P G.
(3) If u1, u2 P G satisfy xu1,pyG “ xu2,pyG “ 0, then xu1, u2yG “ xu2, u1yG.
An element p with the above properties is called a point-like element in G.
Using the point-like element p, one may define a rank function on G. Note
that this definition, and the others appearing in the remainder of this subsection,
depend upon the choice of point-like element p; we will see in Example 2.11 that a
surface-like pseudolattice may contain more than one point-like element.
Definition 2.7. [Kuz17, Section 3.2] The rank of u P G is the integer
rankpuq :“ xu,pyG “ xp, uyG.
By [Kuz17, Lemma 3.10] the rank function fits into a complex
Z
p
ÝÑ G
rank
ÝÝÝÑ Z,
where the first map is always injective, and the middle cohomology pK{p of this
complex is a finitely generated free abelian group. [Kuz17, Lemma 3.11] shows that
the bilinear form on G induces a bilinear form on pK{p, making it into a lattice
(in the traditional sense of a finitely-generated free abelian group equipped with an
integral symmetric bilinear form). This lattice is called the Néron-Severi lattice of
G; its formal definition is as follows.
Definition 2.8. Let G be a surface-like pseudolattice. Define the Néron-Severi
group of G to be the group
NSpGq :“ pK{p;
it is a finitely generated free abelian group. The Néron-Severi group is equipped
with a nondegenerate integral symmetric bilinear form qp¨, ¨q, defined as follows: if
u1, u2 P p
K and ru1s, ru2s are their classes in NSpGq, then
q pru1s, ru2sq :“ ´xu1, u2yG;
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it is not difficult to show that this definition is independent of the choice of repre-
sentatives for ru1s, ru2s. The pair pNSpGq, qp¨, ¨qq is called the Néron-Severi lattice
G. As before, to simplify notation, we will usually refer to pNSpGq, qp¨, ¨qq by its
underlying group NSpGq.
Kuznetsov [Kuz17, Lemma 3.11] shows that G is unimodular if and only if NSpGq
is unimodular and the rank function is surjective. Using the rank function, one may
define a map λ :
Ź2
GÑ NSpGq by
λpu1 ^ u2q :“ rrankpu1qu2 ´ rankpu2qu1s.
This map may be used to define a distinguished class KG in NSpGqbQ , called the
canonical class of G. Existence and uniqueness of the canonical class was proved
by Kuznetsov in [Kuz17, Lemma 3.12].
Definition 2.9. The canonical class of G is the unique class KG P NSpGqbQ such
that for every u1, u2 P G,
xu1, u2yG ´ xu2, u1yG “ ´qpKG, λpu1 ^ u2qq.
By [Kuz17, Lemma 3.12], if G is unimodular, then KG is integral (i.e. KG P
NSpGq). Using KG, we may define an important invariant of a surface-like pseu-
dolattice.
Definition 2.10. [Kuz17, Definition 5.3] Let G be a surface-like pseudolattice with
canonical class KG. The defect of G is defined to be
δpGq :“ qpKG,KGq ` rankpNSpGqq ´ 10.
Note that δpGq is an integer if G is unimodular. The motivating example behind
these definitions is as follows.
Example 2.11. [Kuz17, Example 3.5] Suppose that X is a smooth complex projec-
tive surface and let DpXq denote the bounded derived category of coherent sheaves
on X . Then Knum0 pDpXqqq is a surface-like pseudolattice, with point-like element
pX given by the class of the structure sheaf of a point. In this case, the Néron-Severi
lattice NSpKnum0 pDpXqqq is the usual Néron-Severi group of X with its intersection
form, and the canonical class is the canonical class of X .
Furthermore, Kuznetsov [Kuz17, Lemma 5.5] has shown that if the geometric
genus and irregularity of X both vanish (this happens, for instance, when X is a
rational surface), then the defect δpKnum0 pDpXqqq “ 0.
Finally, it follows from [Kuz17, Example 3.5] that the point-like element pX
given above is unique unless the canonical class of X satisfies K2X “ 0. In this
latter case, a nice example of a “non-standard” point-like element in Knum0 pDpXqqq
is described in [Kuz17, Example 3.6].
2.3. Spherical homomorphisms. We next develop the theory of homomorphisms
between pseudolattices. The ideas in the next few subsections are inspired by
the work of Anno and Logvinenko [AL17] on spherical functors. Kapranov and
Schechtman [KS14] noticed that such spherical functors may be thought of as cate-
gorical analogues of perverse sheaves on a disc, as studied by Galligo, Granger and
Maisonobe [GGM85]. Under this analogy, spherical homomorphisms of pseudolat-
tices (see Definition 2.16) correspond to the objects Kapranov and Schechtman
[KS16] call polarized perverse sheaves. We begin with a definition.
Definition 2.12. We will say that a pseudolattice G is p´1qn-Calabi-Yau (often
abbreviated to p´1qn-CY ) if
xu1, u2yG “ p´1q
nxu2, u1yG
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for all u1, u2 P G. In other words, G is a p´1q
n-Calabi-Yau pseudolattice if G has
Serre operator SG “ p´1q
nidG. Note that this definition only depends upon the
parity of n, so most of the time we will treat n as an element of Z{2Z.
The motivating example behind this definition is as follows.
Example 2.13. Let C be a smooth and proper Calabi-Yau category of dimension
n (i.e. its Serre functor is the shift by n). Then the Euler pairing on Knum0 pCq is
symmetric if n is even and skew-symmetric if n is odd, so Knum0 pCq is a p´1q
n-CY
pseudolattice.
The next example is important enough that we state it as a definition.
Definition 2.14. The elliptic curve pseudolattice, henceforth denoted by E, is the
unimodular p´1q1-Calabi-Yau pseudolattice with underlying group Z2 generated
by primitive elements a, b, and bilinear form defined by
xa, byE “ ´1, xb, ayE “ 1, xa, ayE “ xb, byE “ 0,
extended to Z2 by linearity.
Example 2.15. The pseudolattice E arises from an elliptic curve C in two ways.
(1) The numerical Grothendieck group Knum0 pDpCqq, with its Euler pairing, is
isomorphic to E. The element a may be identified with the class of the
structure sheaf Op of a point p P C, and b may be identified with the class
of OC .
(2) The first integral homologyH1pC,Zq, with its usual intersection form, is iso-
morphic to E. This may also be interpreted as the numerical Grothendieck
group associated to a triangulated category, in this case the derived Fukaya
category FpCq associated to C.
The first definition should be thought of as “algebraic” and the second as “symplec-
tic”. Homological mirror symmetry for elliptic curves identifies the two sides; we
will discuss this further in Section 5.
We now come to the main definition in this subsection.
Definition 2.16. Let G and H be pseudolattices. A spherical homomorphism
from G to H is a homomorphism of abelian groups f : G Ñ H with the following
properties:
(1) The homomorphism f has a right adjoint r : HÑ G, in the sense that
xfpuq, vyH “ xu, rpvqyG
for any u P G and v P H.
(2) The twist and cotwist endomorphisms, which are defined as
Tf :“ idH ´ fr, Cf :“ idG ´ rf,
respectively, are invertible. In fact, if Tf is invertible with inverse T
´1
f ,
then Cf is invertible with inverse C
´1
f “ idG ` rT
´1
f f , and vice versa.
Remark 2.17. Since the bilinear forms on G and H are non-degenerate, it is easy
to show that if a right adjoint for f exists, then it must be unique. Moreover, a
simple exercise in linear algebra shows that if G is unimodular, then a right adjoint
for f always exists.
Spherical homomorphisms allow us to define a relative notion of the p´1qn-CY
property.
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Definition 2.18. We say that a spherical homomorphism f : G Ñ H is relative
p´1qn-Calabi-Yau (often abbreviated to relative p´1qn-CY ) if G has a Serre op-
erator SG and Cf “ p´1q
nSG. As in Definition 2.12, this definition depends only
upon the parity of n, so most of the time we will treat n as an element of Z{2Z.
The motivating example behind this definition is as follows.
Example 2.19. Let X be a smooth complex projective variety of dimension n which
contains a smooth anticanonical divisor D. Then we have a natural homomor-
phism i˚ : Knum0 pDpXqq Ñ K
num
0 pDpDqq, given by the derived pull-back under the
inclusion i : D ãÑ X . This homomorphism has right adjoint i˚, given by derived
push-forward. It is easy to check that i˚ is spherical.
The Serre functor on DpXq is given by SDpXq “ p´ b ωXqrns, where ωX is the
canonical sheaf of X . Since ωX – OXp´Dq, it is easy to compute that the Serre
operator on Knum0 pDpXqq may be written as
SKnum
0
pDpXqqptFuq “ p´1q
ntFp´Dqu “ p´1qnptFu ´ tF b i˚pODquq,
where tFu denotes the class of F in Knum0 pDpXqq. Finally, the projection formula
gives that F b i˚pODq “ i˚i
˚pFq, so we obtain SKnum
0
pDpXqq “ p´1q
npid´ i˚i
˚q “
p´1qnCi˚ . Thus i
˚ is relative p´1qn-CY.
Another example, which will be more important for us, is closely related to
spherical objects in category theory.
Example 2.20. Let H be a p´1qn-CY pseudolattice and let v P H be a primitive
vector so that
xv, vyH “
#
2 if n ” 0 mod 2
0 if n ” 1 mod 2.
Let Zpvq be the unimodular p´1q0-CY pseudolattice generated by a single element
z, with xz, zyZpvq “ 1. Note that pzq is an exceptional basis for Zpvq.
There is a spherical homomorphism ζ : Zpvq Ñ H sending z to v. The right
adjoint of this homomorphism is
ρ : H ÝÑ Zpvq
w ÞÝÑ xv, wyHz
This is easy to check: xζpzq, wyH “ xv, wyH “ xz, ρpwqyZpvq.
The cotwist of ζ acts on m ¨ z P Zpvq by
Cζpm ¨ zq :“ pidZ ´ ρζqpm ¨ zq ÞÑ pm´mxv, vyHq ¨ z “ p´1q
n`1m ¨ z,
so Cζ “ p´1q
n`1idZpvq. Since Zpvq is p´1q
0-CY, it follows that Cζ “ p´1q
n`1SZpvq,
hence ζ is relative p´1qn`1-CY.
The twist of ζ acts on w P H by
Tζpwq :“ pidH ´ ζρqpwq “ w ´ xv, wyHv,
which is the reflection associated to v. If E is the elliptic curve pseudolattice,
identified with H1pC,Zq for an elliptic curve C, and v P H1pC,Zq is the class of a
simple oriented cycle, then Tζ is the action on H1pC,Zq induced by the Dehn twist
associated to v.
We conclude this subsection with a useful lemma about relative p´1qn-CY ho-
momorphisms, that will be used repeatedly in the rest of the paper.
Lemma 2.21. Let f : G Ñ H be a relative p´1qn-CY spherical homomorphism.
Then for any u1, u2 P G,
xfpu1q, fpu2qyH “ xu1, u2yG ` p´1q
n`1xu2, u1yG.
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Proof. This is a simple computation. Let r denote the right adjoint of f ; then we
have
xfpu1q, fpu2qyH “ xu1, rfpu2qyG
“ xu1, u2yG ´ xu1, Cf pu2qyG
“ xu1, u2yG ´ xu1, p´1q
nSGpu2qyG
“ xu1, u2yG ` p´1q
n`1xu2, u1yG.

2.4. Gluing pseudolattices along spherical homomorphisms. We may form
new pseudolattices by gluing old ones along spherical homomorphisms.
Definition 2.22. Let G1,G2 and H be pseudolattices. Assume that
f1 : G1 ÝÑ H, f2 : G2 ÝÑ H
are homomorphisms of the underlying groups. Define G1 iH G2 to be the pseu-
dolattice with underlying group G1 ‘ G2 and bilinear form x¨, ¨yG1iHG2 given as
follows: for ui P Gi and vj P Gj , define
xui, vjyG1iHG2 “
$’&’%
xui, vjyGi if i “ j
xfipuiq, fjpvjqyH if i “ 1, j “ 2
0 if i “ 2, j “ 1
and extend to G1 ‘G2 by linearity. When there is no chance of confusion, we will
use the notation G1 iG2 instead of G1 iH G2.
It is easy to see that G1 i G2 is unimodular if G1 and G2 are, and that if e1‚
and e2‚ are exceptional bases of G1 and G2, then pe1‚, e2‚q is an exceptional basis
for G1 iG2. Note also that this definition does not require the fi to be spherical
homomorphisms; however, as the next proposition shows, if we do assume that the
fi are spherical, then the natural homomorphism G1 iG2 Ñ H is also spherical.
Proposition 2.23. Given three pseudolattices G1,G2 and H and spherical homo-
morphisms fi : Gi Ñ H, there is a natural homomorphism f1 i f2 : G1 iG2 Ñ H,
sending pu1, u2q P G1 iG2 to f1pu1q ` f2pu2q, which has the following properties:
(a) f1 i f2 is spherical
(b) Tf1if2 “ Tf1 ¨ Tf2 .
(c) If the homomorphisms f1 and f2 are relative p´1q
n-CY and H is a p´1qn`1-
CY pseudolattice, for some n P Z, then f is p´1qn-CY.
Proof. For simplicity of notation, throughout this proof we let f :“ f1 i f2. We
begin by proving (a) and (b). We claim first that the right adjoint to f is the map
r : HÑ G1 iG2 defined by
rpvq :“ pr1Tf2pvq, r2pvqq “ pr1pvq ´ r1f2r2pvq, r2pvqq ,
where r1 and r2 are right adjoints to f1 and f2, respectively. To see this note that,
by linearity,
xfpu1, u2q, vyH “ xf1pu1q, vyH ` xf2pu2q, vyH.
On the other hand, we have that
xpu1, u2q, rpvqyG1iG2 “ xu1, r1pvqyG1 ´ xu1, r1f2r2pvqyG1`
` xf1pu1q, f2r2pvqyH ` xu2, r2pvqyG2 .
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Using that fact that r1 is a right adjoint to f1, the second term on the right hand
side is equal to xf1pu1q, f2r2pvqyH, so the second and third terms cancel and we are
left with
xpu1, u2q, rpvqyG1iG2 “ xu1, r1pvqyG1 ` xu2, r2pvqyG2 “ xf1pu1q, vyH ` xf2pu2q, vyH.
Therefore r is right adjoint to f .
Next we check that
Tf “ pidH ´ frqpvq
“ v ´ f1pr1pvq ´ r1f2r2pvqq ´ f2r2pvq
“ pidH ´ f1r1qpidH ´ f2r2qpvq
“ Tf1 ¨ Tf2 .
This proves (b) and, since both Tf1 and Tf2 are invertible, so is Tf . Thus f is a
spherical homomorphism, proving (a).
Now let us prove (c). Assume that Cfi “ p´1q
nSGi for each i P t1, 2u and
SH “ p´1q
n`1idH. We have
Cf pu1, u2q “ pidG1iG2 ´ rfqpu1, u2q
“ pu1 ´ r1pf1pu1q ` f2pu2qq ` r1f2r2pf1pu1q ` f2pu2qq,
u2 ´ r2pf1pu1q ` f2pu2qqq
“ pCf1 pu1q ´ r1f2Cf2pu2q ` r1f2r2f1pu1q, Cf2 pu2q ´ r2f1pu1qq.
Using this we compute
xpw1, w2q, Cf pu1, u2qyG1iG2 “ xw1, Cf1pu1qyG1 ´ xw1, r1f2Cf2pu2qyG1`
` xw1, r1f2r2f1pu1qyG1 ` xf1pw1q, f2Cf2pu2qyH´
´ xf1pw1q, f2r2f1pu1qyH ` xw2, Cf2 pu2qyG2´
´ xw2, r2f1pu1qyG2 .
Using the right adjoint property of r1 and r2 on the second, third, and final terms
on the right-hand side of this expression, we may reduce it to
xw1, Cf1pu1qyG1 ` xw2, Cf2pu2qyG2 ´ xf2pw2q, f1pu1qyH.
Now, using the fact that Cfi “ p´1q
nSGi and SH “ p´1q
n`1idH, we obtain
xpw1, w2q,Cf pu1, u2qyG1iG2 “ p´1q
npxu1, w1yG1 ` xu2, w2yG2 ` xf1pu1q, f2pw2qyHq
“ p´1qnxpu1, u2q, pw1, w2qyG1iG2
for any pu1, u2q and pw1, w2q in G1 iG2. It follows by uniqueness of the operator
SG1iG2 that Cf “ p´1q
nSG1iG2 . This proves (c). 
For us, the following example provides one of the main applications of these
ideas.
Example 2.24. Suppose we have a pair of elements v1, v2 in a p´1q
1-CY pseu-
dolattice H (for instance, H could be the elliptic curve pseudolattice E). Then
xvi, viyH “ 0 for each i, as the bilinear form on H is antisymmetric. Define rank
one p´1q0-CY pseudolattices Zpv1q and Zpv2q generated by elements z1 and z2,
respectively, with xzi, ziyZpviq “ 1. By Example 2.20, we have relative p´1q
0-CY
spherical homomorphisms ζi : Zpviq Ñ H taking zi to vi.
Let Zpv1, v2q denote the unimodular pseudolattice Zpv1, v2q :“ Zpv1q iH Zpv2q.
The underlying abelian group of Zpv1, v2q is freely generated by z1 and z2, and its
bilinear form is given by the Gram matrixˆ
1 xv1, v2yH
0 1
˙
;
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pz1, z2q thus form an exceptional basis for Zpv1, v2q.
By Proposition 2.23, we have that the homomorphism ζ : Zpv1, v2q Ñ H sending
zi to vi is spherical and relative p´1q
0-CY (so the cotwist Cζ “ SZpv1,v2q). The
twist Tf is given by the product Tζ1 ¨ Tζ2 , where
Tζipwq “ w ´ xvi, wyGvi
as in Example 2.20.
More generally, given an ordered collection pv1, . . . , vnq of objects in a p´1q
1-CY
pseudolattice H, we may apply this construction repeatedly to obtain a unimodular
pseudolattice Zpv1, . . . , vnq whose underlying group has basis pz1, . . . , znq and whose
bilinear form is given by
xzi, zjyZpv1,...,vnq “
$’&’%
1 if i “ j
xvi, vjyH if i ă j
0 if i ą j.
The homomorphism ζ : Zpv1, . . . , vnq Ñ G sending zi to vi is spherical and p´1q
0-
CY (so Cζ “ SZpv1,...,vnq), and Tζ “ Tζ1 ¨ ¨ ¨Tζn . Moreover, pz1, . . . , znq form an
exceptional basis for Zpv1, . . . , vnq.
3. Quasi del Pezzo Pseudolattices
Next we focus our attention on a special case of the theory above, where we have
a spherical homomorphism whose target is the elliptic curve pseudolattice E from
Definition 2.14.
3.1. Spherical homomorphisms to the elliptic curve. We begin by establish-
ing a number of useful properties of pseudolattices admitting spherical homomor-
phisms to the elliptic curve pseudolattice E.
Proposition 3.1. Suppose pa, bq is a basis for E as in Definition 2.14. Let f : GÑ
E be a relative p´1q0-CY spherical homomorphism with right adjoint r. Then G is
surface-like with point-like vector p “ rpaq if and only if rpaq P G is primitive and
the twist Tf satisfies Tfpaq “ a.
Proof. We begin by showing that if rpaq P G is primitive and the twist Tf satisfies
Tfpaq “ a, then G is surface-like with point-like vector p “ rpaq. To do this, we
need to show that rpaq satisfies conditions (1)–(3) from Definition 2.6. To check
(1) note that, according to our hypotheses, we have a “ Tf paq “ a´ frpaq. Thus
frpaq “ 0, so xrpaq, rpaqyG “ xfrpaq, ayE “ 0.
To check (2), for any u P G we know that xrpaq, uyG “ xu, SGrpaqyG. But, as f
is relative p´1q0-CY, SG “ Cf “ idG ´ rf , so
xrpaq, uyG “ xu, rpaqyG ´ xu, rfrpaqyG.
Since frpaq “ 0, it follows that xu, rfrpaqyG “ 0, and thus xrpaq, uyG “ xu, rpaqyG.
Finally, we check condition (3). Assume that u1, u2 P G satisfy xui, rpaqyG “ 0.
This condition is equivalent to xfpuiq, ayE “ 0, by adjunction. Therefore, there are
some constants c1, c2 P Z so that fpuiq “ cia, as
Ka “ Spanpaq in E. So, by Lemma
2.21,
xu1, u2yG ´ xu2, u1yG “ xfpu1q, fpu2qyE “ xc1a, c2ayE “ 0.
Therefore, xu1, u2yG “ xu2, u1yG, as required.
For the converse statement, primitivity of rpaq is assured by Definition 2.6. To
prove the twist condition, note that it is equivalent to show that frpaq “ 0. Since
rpaq is point-like, we obtain that xfrpaq, ayE “ xrpaq, rpaqyG “ 0, so we must have
frpaq “ ca for some c P Z, as Ka “ Spanpaq in E.
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It therefore suffices to show that c “ 0. Since f is relative p´1q0-CY, SG “ Cf “
idG ´ rf , so for any u P G we have
xrpaq, uyG “ xu, rpaqyG ´ xu, rfrpaqyG “ xu, rpaqyG ´ cxu, rpaqyG.
Moreover, as rpaq is point-like we have xrpaq, uyG “ xu, rpaqyG, so it follows that
cxu, rpaqyG “ 0 for all u P G. But rpaq is primitive and the bilinear form on G
is non-degenerate, so this is only possible if c “ 0. Thus frpaq “ 0 and hence
Tfpaq “ a, as required. 
Note that we have two distinguished classes a and b in E, but so far we have
only made use of a. We claim that rrpbqs plays the role of the anticanonical class
in the Néron-Severi group NSpGq.
Proposition 3.2. Suppose pa, bq is a basis for E as in Definition 2.14. Let f : GÑ
E be a relative p´1q0-CY spherical homomorphism with right adjoint r and suppose
that G is surface-like with point-like vector p “ rpaq. Then we have rpbq P pK and
rrpbqs “ ´KG.
Proof. The first claim is easy to prove: note that
xp, rpbqyG “ xrpaq, rpbqyG “ xfrpaq, byE
and, since Tfpaq “ a by Proposition 3.1, we have frpaq “ 0, so xp, rpbqyG “ 0.
To prove the second statement it is necessary to show that, for any u1, u2 P G,
xu1, u2yG ´ xu2, u1yG “ qprpbq, λpu1 ^ u2qq.
Noting that q is symmetric, we begin by computing that
qpλpu1 ^ u2q, rpbqq “ ´xxu1, rpaqyGu2 ´ xu2, rpaqyGu1, rpbqyG
“ ´xu1, rpaqyGxu2, rpbqyG ` xu2, rpaqyGxu1, rpbqyG
“ ´xfpu1q, ayExfpu2q, byE ` xfpu2q, ayExfpu1q, byE
Note that there are pairs of integers pp1, q1q and pp2, q2q so that
fpu1q “ p1a` q1b, fpu2q “ p2a` q2b.
Then pi “ ´xfpuiq, byE, and qi “ xfpuiq, ayE for i “ 1, 2. Therefore,
´xfpu1q, ayExfpu2q, byE ` xfpu2q, ayExfpu1q, byE “ q1p2 ´ q2p1
“ xfpu1q, fpu2qyE
and, finally, Lemma 2.21 gives xfpu1q, fpu2qyE “ xu1, u2yG ´ xu2, u1yG. This com-
pletes the proof. 
Our final result shows that we can explicitly compute the twist Tf in this setting.
Proposition 3.3. Suppose pa, bq is a basis for E as in Definition 2.14. Let f : GÑ
E be a relative p´1q0-CY spherical homomorphism with right adjoint r and suppose
that G is surface-like with point-like vector p “ rpaq. Then in the basis pa, bq the
twist Tf has matrix
`
1 ´d
0 1
˘
, where d :“ qpKG,KGq.
Proof. Begin by noting that, by Proposition 3.1, Tf paq “ a. To find the matrix of
Tf it remains to compute Tf pbq “ b´ frpbq. By Proposition 3.2 we have rpbq P p
K
and pK “ Kp as G is surface-like, so
0 “ xrpbq,pyG “ xrpbq, rpaqyG “ xfrpbq, ayE.
Thus frpbq P Ka “ Spanpaq, so frpbq “ da for some d P Z. This proves that
Tfpbq “ b´ da, so the matrix of Tf has the required form.
It remains to show that d “ qpKG,KGq. By adjunction,
qpKG,KGq “ ´xrpbq, rpbqyG “ ´xfrpbq, byE.
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But frpbq “ da by the argument above, so xfrpbq, byE “ xda, byE “ ´d. This shows
that qpKG,KGq “ d, as required. 
Remark 3.4. Under the assumptions of Proposition 3.3, it is immediate from the
definition that the defect δpGq “ 0 if and only if rankpGq “ 12´ d.
3.2. Quasi del Pezzo homomorphisms. In this subsection we will give the cen-
tral definition of this paper. However, in order to state it, we first define a useful
and well-known invariant of a lattice, which unfortunately suffers from some ambi-
guity in the literature. Let L be a nondegenerate lattice (in the traditional sense of
a finitely-generated free abelian group equipped with an integral symmetric bilinear
form). Then the Gram matrix of the real extension LbR can always be written as
a diagonal matrix, for some choice of basis, with all entries either `1 or ´1.
Definition 3.5. The pair of numbers pn`, n´q counting the number of `1 and ´1
entries, respectively, in the diagonal representation of the Gram matrix is called
the signature of L. Define σpLq :“ n` ´ n´.
Remark 3.6. The invariant σpLq is also often called the signature of L; we will avoid
this nomenclature for the sake of clarity.
We now come to the central definition of this paper.
Definition 3.7. A spherical homomorphism of pseudolattices f : G Ñ E is called
a quasi del Pezzo homomorphism if there exists a basis pa, bq for E, as in Definition
2.14, so that all of the following conditions hold.
(1) G is surface-like with point-like vector p “ rpaq.
(2) f is relative p´1q0-Calabi-Yau.
(3) G admits an exceptional basis e‚ “ pe1, . . . , enq such that fpeiq P E is
primitive for each 1 ď i ď n.
(4) NSpGq has signature p1, rankpNSpGqq ´ 1q.
Remark 3.8. By Proposition 3.1, condition (1) in this definition is equivalent to
(1’) rpaq P G is primitive and the twist Tf satisfies Tf paq “ a.
Note also that condition (3) implies that G is unimodular. Finally, condition (4)
should be thought of as a weaker version of Kuznetsov’s geometric condition [Kuz17,
Definition 4.3]; by [Kuz17, Lemma 4.5], all pseudolattices arising in the usual way
as Knum0 pDpXqq for a smooth projective surface X are geometric.
Definition 3.9. We say that two quasi del Pezzo homomorphisms f1 : G1 Ñ E
and f2 : G2 Ñ E are isomorphic if
‚ there are bases pa1, b1q and pa2, b2q for E, so that pai, biq satisfies the con-
ditions of Definition 3.7 for fi : Gi Ñ E, and an automorphism ϕ : E Ñ E
taking pa1, b1q to pa2, b2q,
‚ there is an isomorphism of pseudolattices ψ : G1 Ñ G2 (i.e. an isomorphism
of the underlying abelian groups which preserves the bilinear form), and
‚ we have ϕf1 “ f2ψ.
It is easy to check that the last part of this definition implies that ψr1 “ r2ϕ, where
ri is the right adjoint to fi.
The motivation behind Definition 3.7 is the following example.
Example 3.10. Let X be a nonsingular rational surface and suppose that the an-
ticanonical linear system | ´KX | contains a smooth member C; such surfaces are
called quasi del Pezzo surfaces. By Example 2.19, we have a relative p´1q0-CY
spherical homomorphism i˚ : Knum0 pDpXqq Ñ K
num
0 pDpCqq, given by the derived
pull-back under the inclusion i : C ãÑ X . This homomorphism has right adjoint i˚,
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given by derived push-forward. We will show that i˚ : Knum0 pDpXqq Ñ K
num
0 pDpCqq
is a quasi del Pezzo homomorphism.
Identify Knum0 pDpCqq – E as in Example 2.15(1): identify a with the class tOpu
of the structure sheaf Op of a point p P C and b with the class tOCu of OC . Then
i˚paq “ i˚ptOpuq is the class of the structure sheaf of a point in X , which is point-
like in Knum0 pDpXqq by Example 2.11. We have thus shown that conditions (1) and
(2) hold.
To prove (3) and (4), note that it is not difficult to show (c.f. [Dem80], [CT88,
Proposition 0.4]) that if pX,Cq satisfies the assumptions above, then pX,Cq is either
‚ a blow-up of a smooth cubic curve in P2 in k ě 0 points in almost general
position (a set of points is in almost general position if no stage of the
blowing-up involves blowing up a point which lies on a rational p´2q-curve;
infinitely near points are allowed as long as this condition is not violated),
‚ a smooth curve of bidegree p2, 2q in P1 ˆ P1, or
‚ a smooth anticanonical curve in the Hirzebruch surface F2.
It is well-known that a full exceptional collection for DpP2q is given by the line
bundles pO,Op1q,Op2qq. Moreover, using work of Orlov [Orl92], one can compute
full exceptional collections for DpP1 ˆ P1q and DpF2q (see, for example, Auroux,
Katzarkov, and Orlov [AKO08, Section 2.7] or Elagin and Lunts [EL16, Section
2.5]); for example, the collections pO,Op1, 0q,Op0, 1q,Op1, 1qq (for P1 ˆ P1) and
pO,Opfq,Opsq,Ops ` fqq (for F2; here s is the class of the p´2q-section and f
the class of a fibre) are full and exceptional. By Example 2.4, these exceptional
collections give rise to exceptional bases in Knum0 pDpXqq for X “ P
2, P1 ˆ P1, and
F2, and it is easy to check that these exceptional bases satisfy condition (3).
It is also well-understood how blow-ups affect DpXq [Orl92, Section 4] [AKO06,
Section 2.1]. Indeed, if X is a surface such that Knum0 pDpXqq has exceptional basis
B, and ϕ : rX Ñ X is a blow-up of a point in X with exceptional curve E, then
an exceptional basis for Knum0 pDp rXqq is given by pϕ˚B, tOEuq. Using this, it is
easy to check inductively that all quasi del Pezzo surfaces admit exceptional bases
satisfying condition (3); intuitively, this condition simply says that all exceptional
p´1q-curves meet C in a single point, which is an immediate consequence of the
genus formula.
Finally, it is well known that NSpXq is an odd unimodular lattice of signature
p1, kq if X is a blow-up of P2 in k points and an even unimodular lattice of signature
p1, 1q if X – P1 ˆ P1 or F2. Thus condition (4) holds, and i
˚ : Knum0 pDpXqq Ñ
Knum0 pDpCqq is a quasi del Pezzo homomorphism.
In this setting, the results of Subsection 3.1 reproduce well-known facts.
‚ Proposition 3.1 states that Tf paq “ a, i.e. that i˚i
˚ptOpuq “ 0.
‚ Proposition 3.2 states that i˚ptOCuq “ tOXu´tOXp´Cqu is anticanonical
in NSpXq. But, in NSpXq, we have rOX s ” 0 and ´rOXp´Cqs ” rOXpCqs,
so we obtain the familiar result that rOXpCqs is an anticanonical class.
‚ Proposition 3.3 states that
Ti˚ptOCuq “ tOCu ´ i
˚i˚ptOCuq “ tOCu ´ dtOpu,
where d is the self-intersection K2X “ C
2; this is easily verified.
‚ As we know that the defect δpKnum0 pDpXqqq “ 0 (see Example 2.11), Re-
mark 3.4 allows us to compute that rankpKnum0 pDpXqqq “ 12´ d.
3.3. Classification of quasi del Pezzo homomorphisms. In this section we
will prove the first main result of this paper, which will show that the quasi del
Pezzo homomorphisms given in Example 3.10 are, essentially, all that exist. To
perform this classification we will run a modified version of Kuznetsov’s [Kuz17]
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minimal model program for exceptional bases of pseudolattices. In order to describe
this program, we first need a notion of minimality for exceptional bases.
Definition 3.11. [Kuz17, Section 4] An exceptional basis e‚ “ pe1, . . . , enq of a
surface-like pseudolattice is called norm minimal if the sum
dÿ
i“1
rankpeiq
2
is minimal among all exceptional bases mutation equivalent to e‚.
Clearly, every exceptional basis can be mutated to obtain a norm minimal excep-
tional basis. Kuznetsov proves a number of results about norm-minimal exceptional
bases; the important one for us is as follows.
Theorem 3.12. [Kuz17, Corollary 4.22] Let G be a surface-like pseudolattice so
that the signature of NSpGq is p1, rankpNSpGqq ´ 1q. If e‚ is a norm minimal
exceptional basis of G consisting of elements of non-zero rank, then the rank of G
is 3 or 4.
Remark 3.13. In [Kuz17], Theorem 3.12 is stated slightly differently. The condition
that NSpGq has signature p1, rankpNSpGqq ´ 1q is replaced with the condition that
G be geometric, which imposes the additional condition that KG satisfies
(1) qpKG, uq ” qpu, uq mod 2
for each u P NSpGq. However, the proof of [Kuz17, Corollary 4.22] only uses the
signature condition, not the condition that (1) holds.
Remark 3.14. Note that rankpGq ě 3 for anyG satisfying the conditions of Theorem
3.12, as 1 ď rankpNSpGqq “ rankpGq ´ 2 by the signature assumption.
Let f : G Ñ E be a quasi del Pezzo homomorphism and let e‚ “ pe1, . . . , enq
be an exceptional basis as in Definition 3.7. We wish to mutate e‚ to get a norm-
minimal exceptional basis. However, in order to do this we must first show that
condition (3) of Definition 3.7 is preserved under mutations. This follows from the
next lemma.
Lemma 3.15. Let f : G Ñ E be a quasi del Pezzo homomorphism and let e‚ “
pe1, . . . , enq be an exceptional basis as in Definition 3.7. Then for any 1 ď i ď n´1,
the elements fpLeipei`1qq and fpRei`1peiqq are primitive in E.
Proof. By Lemma 2.21, for any 1 ď i ď n´ 1 we have
(2) xfpeiq, fpei`1qyE “ xei, ei`1yG ´ xei`1, eiyG “ xei, ei`1yG,
where we have used the fact that e‚ is exceptional.
Now write fpeiq “ pia` qib in a basis pa, bq of E such that Definition 3.7 holds.
By Equation (2) we have fpLeipei`1qq “ fpei`1q ´ xfpeiq, fpei`1qyEfpeiq, from
which it is easy to compute that
fpLei pei`1qq “
ˆ
1´ piqi p
2
i
´q2i 1` piqi
˙
fpei`1q,
where we treat elements of E as column vectors in the basis pa, bq. But this matrix is
an element of SLp2,Zq, so its action takes primitive elements to primitive elements.
This proves the statement for left mutations; the statement for right mutations
follows by an analogous computation (or from the fact that they are the inverses of
left mutations). 
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Therefore, after mutation, we may assume that the exceptional basis e‚ of Defi-
nition 3.7(3) is norm-minimal. Then the hypotheses of Theorem 3.12 are satisfied,
so we see that if rankpGq ą 4, then e‚ must contain elements of zero rank. Such
elements are characterized by the following lemma.
Lemma 3.16. Let f : GÑ E be a quasi del Pezzo homomorphism. Choose a basis
pa, bq for E and an exceptional basis e‚ “ pe1, . . . , enq for G so that Definition 3.7
holds. Then for any 1 ď i ď n, rankpeiq “ 0 if and only if fpeiq “ ˘a P E.
Proof. By Proposition 3.1, we have the point-like vector p “ rpaq P G. By defini-
tion, rankpeiq “ 0 if and only if xei, rpaqyG “ 0 and, by adjunction, this is equivalent
to xfpeiq, ayE “ 0. Moreover, we know that
Ka “ Spanpaq, so rankpeiq “ 0 if and
only if fpeiq is a multiple of a. But fpeiq is primitive, so fpeiq “ ˘a. 
Using this, we obtain the following theorem, which should be thought of as a
more refined version of Kuznetsov’s notion of contraction [Kuz17, Section 5.1].
Theorem 3.17. Let f : GÑ E be a quasi del Pezzo homomorphism with rankpGq ą
4. Choose a basis pa, bq for E and an exceptional basis e‚ “ pe1, . . . , enq for G so
that Definition 3.7 holds. Let ζ : Zpaq Ñ E be defined as in Example 2.20 and let
z P Zpaq denote its generator.
Then there is a quasi del Pezzo homomorphism f 1 : G1 Ñ E with rankpG1q “
rankpGq ´ 1 and an exceptional basis e1‚ for G
1, satisfying Definition 3.7, so that,
after performing a series of mutations on e‚, we have an isomorphism of pseudolat-
tices ψ that fits into the following diagram
G
ψ
//
f

❃❃
❃❃
❃❃
❃❃
G1 iE Zpaq
f 1iζ
zztt
tt
tt
tt
tt
E
satisfying ψpe‚q “ pe
1
‚, zq.
Proof. As argued above, after a series of mutations we may assume that G has an
exceptional basis e‚ “ pe1, . . . , enq which is norm-minimal and satisfies Definition
3.7. Theorem 3.12 then gives that e‚ contains an element eα of rank zero and
so, after possibly multiplying eα by p´1q, we may assume that fpeαq “ a P E,
by Lemma 3.16. After a series of left mutations, we may convert e‚ to a new
exceptional basis eˆ‚ :“ pe
1
1, . . . , e
1
n´1, eαq. By Lemma 3.15, eˆ‚ satisfies Definition
3.7.
Let G1 denote the sub-pseudolattice of G defined by G1 :“ eKα and let f
1 : G1 Ñ E
be the induced homomorphism of abelian groups; note that e1‚ :“ pe
1
1, . . . , e
1
n´1q
forms an exceptional basis for G1 and rankpG1q “ rankpGq ´ 1. We claim that
f 1 : G1 Ñ E satisfies the conclusion of the theorem. The proof proceeds in three
steps.
Step 1. We first show that f 1 is a spherical homomorphism. Define a map
s : EÑ G1 by
spvq :“ rpvq ´ xeα, rpvqyGeα,
where r is the right adjoint to f . We begin by checking that spvq P G1 for all
v P E, so that s is well-defined. Indeed, write rpvq “
řn´1
i“1 kie
1
i ` kαeα in terms
of the exceptional basis eˆ‚ of G, for ki, kα P Z. Then xeα, rpvqyG “ kα, as eˆ‚ is
exceptional, so spvq “
řn´1
i“1 kie
1
i P G
1.
Next define r1 : EÑ G1 by
r1pvq “ spvq ` xeα, rpvqyGspaq “ rpvq ` xeα, rpvqyGprpaq ´ eαq,
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where we have used that fact that xeα, rpaqyG “ xfpeαq, ayG “ xa, ayE “ 0 to
compute spaq.
We claim that r1 is a right adjoint to f 1. Indeed, for any u P G1 and v P E, we
have
xu, r1pvqyG1 “ xu, rpvqyG ` xeα, rpvqyG pxu, rpaqyG ´ xu, eαyGq
Now note that, using Lemma 2.21, for any u P G1 we have
(3) xu, rpaqyG “ xfpuq, ayE “ xfpuq, fpeαqyE “ xu, eαyG ´ xeα, uyG “ xu, eαyG,
as xeα, uyG “ 0. So we have
xu, r1pvqyG1 “ xu, rpvqyG “ xfpuq, vyE “ xf
1puq, vyE,
and r1 is a right adjoint to f 1.
For u P G1, the cotwist endomorphism is given by
Cf 1puq “ u´ r
1f 1puq
“ u´ rfpuq ´ xeα, rfpuqyGprpaq ´ eαq
“ Cf puq ´ xeα, rfpuqyGprpaq ´ eαq.
Then for any u1, u2 P G
1, we have
xu1, u2yG1 “ xu1, u2yG
“ xu2, Cf pu1qyG
“ xu2, Cf 1pu1qyG ` xeα, rfpuqyG pxu2, rpaqyG ´ xu2, eαyGq
“ xu2, Cf 1pu1qyG1 ,
where we have used Equation (3) and the fact that SG “ Cf (as f is p´1q
0-
CY). Thus we see that Cf 1 is the Serre operator SG1 for G
1, which is invertible as
G1 is unimodular (since it has an exceptional basis). We therefore conclude that
f 1 : G1 Ñ E is spherical.
Step 2. We next show that f 1 : G1 Ñ E is a quasi del Pezzo homomorphism. To
do this we need to check the conditions of Definition 3.7. Condition (3) is satisfied
by the exceptional basis e1‚ for G
1, by construction, and Condition (2) is just the
fact (proved in Step 1) that Cf 1 “ SG1 .
We prove the equivalent condition (1’) in place of condition (1) (see Remark 3.8).
Note that, since xeα, rpaqyG “ xfpeαq, ayE “ xa, ayE “ 0, we have r
1paq “ rpaq.
Thus, since rpaq is primitive, so is r1paq, and we compute that
Tf 1paq “ a´ f
1r1paq “ a´ frpaq “ Tf paq “ a,
as required.
Finally, for condition (4), note that the point-like vector p “ rpaq lies in G1, so
NSpG1q is equal to the orthogonal complement of eα in NSpGq. But qpeα, eαq “ ´1
in NSpGq, as eα is exceptional, so NSpG
1q has signature p1, rankpNSpGqq ´ 2q, as
required.
Step 3. Finally, we prove that there is an isomorphism of pseudolattices ψ : GÑ
G1iE Zpaq that commutes with the projections to E. Let z denote the generator of
Zpaq; recall that xz, zyZpaq “ 1 and the spherical homomorphism ζ : Zpaq Ñ E maps
z to a, by definition.
Now let u P G be any element. Write u in terms of the exceptional basis eˆ‚ for
G as u “
řn´1
i“1 kie
1
i` kαeα “ u
1` kαeα, where u
1 :“
řn´1
i“1 kie
1
i P G
1 and ki, kα P Z.
Then define ψpuq :“ pu1, kαzq P G
1 iE Zpaq. The map ψ is clearly an isomorphism
on the underlying abelian groups and we have
pf 1 i ζqψpuq “ f 1
˜
n´1ÿ
i“1
kie
1
i
¸
` kαa “
n´1ÿ
i“1
kifpe
1
iq ` kαfpeαq “ fpuq.
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Finally, let u1, u2 P G be any two elements and write uj “ u
1
j ` kαjeα with u
1
j P G
1
and kαj P Z, for each j P t1, 2u. Then
xu1, u2yG “ xu
1
1, u
1
2yG ` xu
1
1, kα2eαyG ` xkα1eα, kα2eαyG
“ xu11, u
1
2yG1 ` xfpu
1
1q, kα2ayE ` xkα1z, kα2zyZpaq
“ xψpu1q, ψpu2qyG1iEZpaq,
where the second equality follows from Equation (3). Hence ψ is an isomorphism
of pseudolattices. This completes the proof. 
Remark 3.18. In the setting of Example 3.10, proceeding from G to G1 should be
thought of as “contracting an exceptional curve”. Since performing such a contrac-
tion on a quasi del Pezzo surface produces another quasi del Pezzo surface, Theorem
3.17 should not be too surprising.
By repeated application of Theorem 3.17, we reduce the problem of classifying
quasi del Pezzo homomorphisms f : G Ñ E to the cases where rankpGq “ 3 or 4.
These are dealt with in the next two propositions.
Proposition 3.19. Let f : G Ñ E be a quasi del Pezzo homomorphism with
rankpGq “ 3. Choose a basis pa, bq for E and an exceptional basis e‚ for G so
that Definition 3.7 holds. Then after performing a series of mutations on e‚, the
Gram matrix for x¨, ¨yG becomes
χ :“
¨˝
1 3 6
0 1 3
0 0 1
‚˛.
Moreover, after a change of basis in E of the form p 1 k0 1 q, for some k P Z, the
homomorphisms f and r are given by the matrices
F :“
ˆ
0 3 6
1 1 1
˙
and R :“
¨˝
1 ´9
´2 15
1 ´6
‚˛.
Proof. We begin by noting that, since G is a surface-like pseudolattice, a result
of Kuznetsov [Kuz17, Corollary 3.15] shows that the Serre automorphism SG is
unipotent. We may thus apply a result of Bondal and Polishchuk [BP93, Example
3.2] (see also [dTdVdB16, Lemma 3.1.2]) to see that if e‚ is an exceptional basis of
G (which we may assume satisfies Definition 3.7), then the Gram matrix for x¨, ¨yG
is ¨˝
1 x y
0 1 z
0 0 1
‚˛,
where x, y, z P Z solve the classical Markov equation
x2 ` y2 ` z2 ´ xyz “ 0.
Markov [Mar80] showed that, given any solution of this equation, all other solutions
may be obtained by a process of mutation, which corresponds precisely to mutation
of exceptional bases. It thus suffices to find any solution to the Markov equation;
we choose px, y, zq “ p3, 6, 3q.
To compute the homomorphisms f and r we note first that, using the character-
ization of point-like vectors in [Kuz17, Lemma 3.3], the point-like vector p P G may
be written (after possibly multiplying our exceptional basis by p´1q) as p1,´2, 1q.
Since p “ rpaq by definition, this gives the first column of R, and the right adjoint
condition gives the second row of F . Now, using the fact that the Serre operator
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SG has Gram matrix χ
´1χT , and the relative p´1q0-CY condition, which gives
SG “ idG ´ rf , we obtain that
F “
ˆ
k k ` 3 k ` 6
1 1 1
˙
, R “
¨˝
1 ´k ´ 9
´2 2k ` 15
1 ´k ´ 6
‚˛,
for some k P Z, and it is easy to check that the corresponding maps f and r satisfy
Definition 3.7. To conclude the proof, it suffices to note that the matrices above
may be converted into the required form by conjugating by p 1 k0 1 q. 
We thus see that, up to isomorphism, there is only one quasi del Pezzo ho-
momorphism with rankpGq “ 3. We henceforth denote it by f3 : G3 Ñ E. A
straightforward computation shows that f3 : G3 Ñ E, with its exceptional basis
pe1, e2, e3q as in Proposition 3.19, may be identified with ζ : Zpb, 3a` b, 6a` bq Ñ E
with its standard exceptional basis pz1, z2, z3q, as in Example 2.24.
Remark 3.20. It is easy to see that G3 with its exceptional basis pe1, e2, e3q is
isomorphic to Knum0 pDpP
2qq with the standard exceptional basis pO,Op1q,Op2qq, as
one should expect from Example 3.10. In this basis the spherical homomorphism
i˚ and its adjoint i˚ have matrices F and R respectively.
Proposition 3.21. Let f : G Ñ E be a quasi del Pezzo homomorphism with
rankpGq “ 4. Choose a basis pa, bq for E and an exceptional basis e‚ for G so
that Definition 3.7 holds. Then either G – G3 iE Zpaq, as in Theorem 3.17, or,
after performing a series of mutations on e‚, the Gram matrix for x¨, ¨yG becomes
χ :“
¨˚
˚˝1 2 2 40 1 0 2
0 0 1 2
0 0 0 1
‹˛‹‚,
and these two cases are distinct. Moreover, in the second case, after a change of
basis in E of the form p 1 k0 1 q, for some k P Z, the homomorphisms f and r are given
by the matrices
F :“
ˆ
0 2 2 4
1 1 1 1
˙
and R :“
¨˚
˚˝ 1 ´8´1 6
´1 6
1 ´4
‹˛‹‚.
Proof. As in the proof of Proposition 3.19 we begin by noting that, since G is a
surface-like pseudolattice, a result of Kuznetsov [Kuz17, Corollary 3.15] shows that
the Serre automorphism is unipotent. Thus we may apply a result of de Thanhoffer
de Volcsey and Van den Bergh [dTdVdB16, Theorem A] to see that, after a series
of mutations, we may convert any exceptional basis for G (which we may assume
satisfies Definition 3.7) into one in which the Gram matrix for x¨, ¨yG is either¨˚
˚˝1 2 2 40 1 0 2
0 0 1 2
0 0 0 1
‹˛‹‚ or
¨˚
˚˝1 n 2n n0 1 3 3
0 0 1 3
0 0 0 1
‹˛‹‚,
for some n P N, and these cases are distinct.
In the first case, we use the same method as in the proof of Proposition 3.19
to compute F and R. The point-like vector is given by p “ p1,´1,´1, 1q and,
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omitting the details, we obtain
F :“
ˆ
k k ` 2 k ` 2 k ` 4
1 1 1 1
˙
, R :“
¨˚
˚˝ 1 ´k ´ 8´1 k ` 6
´1 k ` 6
1 ´k ´ 4
‹˛‹‚,
for some k P Z. It is easy to check that the corresponding maps f and r satisfy
Definition 3.7 and that the matrices above may be converted into the required form
by conjugating by p 1 k0 1 q.
Now suppose that we are in the second case. Choose an exceptional basis e‚ :“
pe1, e2, e3, e4q, satisfying Definition 3.7, for which the Gram matrix for x¨, ¨yG is
of the second type, above. Define c :“ fpe2q P E; note that c is primitive by
assumption. Write c “ pa ` qb for some p, q P Z. As c is primitive, we must have
gcdpp, qq “ 1, so there exist p1, q1 P Z with p1p` q1q “ 1. Define d “ ´q1a` p1b P E.
Then we have
xc, dyE “ ´1, xd, cyE “ 1, xc, cyE “ xd, dyE “ 0,
and pc, dq is an alternative basis for E.
By Lemma 2.21, we see that whenever i ă j we have xfpeiq, fpejqyE “ xei, ejyG.
Therefore xfpe2q, fpe3qyE “ xfpe2q, fpe4qyE “ xfpe3q, fpe4qyE “ 3, so we may com-
pute that fpe3q “ px`1qc´3d and fpe4q “ xc´3d, for some x P Z. By primitivity
of fpe3q and fpe4q, we thus obtain that x ” 1 pmod 3q. Finally, by computing
xfpe1q, fpeiqyE for i P t2, 3, 4u, we obtain
fpe1q “
1
3
p1´ xqnc` nd.
This is primitive if and only if n “ 1, so we find that the Gram matrix in this basis
is ¨˚
˚˝1 1 2 10 1 3 3
0 0 1 3
0 0 0 1
‹˛‹‚.
To complete the proof note that, using the characterization of point-like vectors
in [Kuz17, Lemma 3.3], the point-like vector p P G is given in the basis e‚ by
p0, 1,´1, 1q. We thus have rankpe1q “ 0. Following the proof of Theorem 3.17, we
therefore see that G – G3 iE Zpaq in this case. 
We thus find that, up to isomorphism, there are two quasi del Pezzo homomor-
phisms with rankpGq “ 4. One of these is given by f3 i ζ : G3 iE Zpaq Ñ E;
we henceforth denote the other by f4 : G4 Ñ E. They are easily distinguished by
observing that f3 i ζ is surjective, but f4 has cokernel Z{2Z.
As in the rank 3 case, a straightforward computation shows that f4 : G4 Ñ E,
with its exceptional basis pe1, e2, e3, e4q as in Proposition 3.21, may be identi-
fied with ζ : Zpb, 2a ` b, 2a ` b, 4a ` bq Ñ E with its standard exceptional basis
pz1, z2, z3, z4q, as in Example 2.24.
Remark 3.22. It is easy to see that G4 with its exceptional basis pe1, e2, e3, e4q is
isomorphic to Knum0 pDpP
1ˆP1qq with exceptional basis pO,Op1, 0q,Op0, 1q,Op1, 1qq,
as one might expect from Example 3.10. In this basis the spherical homomorphism
i˚ and its adjoint i˚ have matrices F and R respectively.
Putting these results together, we see that we have at most two quasi del Pezzo
homomorphisms for each rankpGq ą 3. To complete the classification, we should
check whether these ever coincide. To do this, we use the identifications of G3 and
G4 with the pseudolattices Zpv1, . . . , vnq.
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Proposition 3.23. Choose a basis pa, bq for E. Let ζ : Zpb, 3a` b, 6a` b, a, aq Ñ
E and ζ 1 : Zpb, 2a ` b, 2a ` b, 4a ` b, aq Ñ E be defined as in Example 2.24 and
let z‚, z
1
‚ denote the standard exceptional bases for Zpb, 3a ` b, 6a ` b, a, aq and
Zpb, 2a`b, 2a`b, 4a`b, aq respectively. Then, after performing a series of mutations
on the exceptional basis z‚, we have an isomorphism of pseudolattices ψ that fits
into the following diagram
Zpb, 3a` b, 6a` b, a, aq
ψ
//
ζ
((P
PP
PP
PP
PP
PP
PP
P
Zpb, 2a` b, 2a` b, 4a` b, aq
ζ1
vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
E
such that ψpz‚q “ z
1
‚.
Proof. Writing the maps ζ : Zpb, 3a`b, 6a`b, a, aq Ñ E and ζ 1 : Zpb, 2a`b, 2a`b, 4a`
b, aq Ñ E explicitly in terms as matrices, as was done in Propositions 3.19 and 3.21,
converts this into a linear algebra problem: it suffices to find a sequence of mutations
taking the matrix representation of ζ : Zpb, 3a`b, 6a`b, a, aq Ñ E in the exceptional
basis z‚ to the matrix representation of ζ
1 : Zpb, 2a` b, 2a` b, 4a` b, aq Ñ E in the
exceptional basis z1‚. Such a sequence of mutations is given explicitly by
z1‚ “ R4,5 ˝ L3,4 ˝ L2,3 ˝ R4,5 ˝ R3,4pz‚q.

Remark 3.24. One may rephrase this proposition as an isomorphism between G3iE
Zpaq iE Zpaq and G4 iE Zpaq. In light of Remarks 3.18, 3.20 and 3.22, this should
be thought of as an analogue of the isomorphism between the blow-up of P2 in
two points and the blow-up of P1 ˆ P1 in a single point, on the level of numerical
Grothendieck groups.
Consequently, we find that there is precisely one quasi del Pezzo homomorphism,
up to isomorphism, with rankpGq “ 5. Putting everything together, we obtain the
following theorem, which is the main result of this paper. Roughly speaking, it
states that the classification of quasi del Pezzo homomorphisms parallels that of
quasi del Pezzo surfaces (see Example 3.10).
Theorem 3.25. Let f : G Ñ E be a quasi del Pezzo homomorphism and let n :“
rankpGq. Choose a basis pa, bq for E and an exceptional basis e‚ for G so that
Definition 3.7 holds. Then after performing a series of exceptional mutations on e‚
and an automorphism of E of the form p 1 k0 1 q (written in the basis pa, bq), for k P Z,
we have that f : GÑ E with its exceptional basis e‚ is either:
‚ Zpb, 3a ` b, 6a ` b, a, . . . , aq Ñ E with its standard exceptional basis as in
Example 2.24, for any n ě 3; or
‚ Zpb, 2a ` b, 2a ` b, 4a ` bq Ñ E with its standard exceptional basis as in
Example 2.24, for n “ 4.
Corollary 3.26. Let f : G Ñ E be a quasi del Pezzo homomorphism and let n :“
rankpGq. If pa, bq is a basis for E so that Definition 3.7 holds, then the twist
endomorphism Tf is given in the basis pa, bq byˆ
1 n´ 12
0 1
˙
.
Consequently, the defect δpGq “ 0.
Proof. This is a fairly simple consequence of Theorem 3.25. It is easy to compute
explicitly that the twist endomorphism has the required form for the special quasi
del Pezzo homomorphisms f3 : G3 Ñ E and f4 : G4 Ñ E. Moreover, by Proposition
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2.23, the twist associated to f3iζ : G3iEZpa, . . . , aq Ñ E is the product Tf3 ¨T
n´3
ζ ,
where Tζ is the twist associated to Zpaq Ñ E. But this latter twist is just the twist
p 1 10 1 q, by Example 2.20. To complete the argument, note that twists of this form are
not affected by conjugation by matrices of the form p 1 k0 1 q, so they are unchanged
by the automorphisms of E from Theorem 3.25. Finally, the statement about the
defect is an immediate consequence of Proposition 3.3 and Remark 3.4. 
4. Genus 1 Fibrations over Discs
The aim of this section is to apply the results above to the problem of classifying
a certain class of genus 1 fibrations over discs.
We begin with some general setup that will be used throughout this section. Let
∆ :“ tx P C : |x| ď 1u denote the closed complex unit disc and let π : Y Ñ ∆
denote a surjective map from an oriented, smooth, compact 4-manifold Y to ∆,
whose smooth fibres are 2-tori. Let Σ :“ tx1, . . . , xnu Ă ∆ denote the set of critical
values of π, which we assume are all distinct. Assume further that Σ is contained
in the interior ∆˝ of ∆ and that all critical points are modelled on the complex
Morse singularity pz1, z2q ÞÑ z
2
1 ` z
2
2 in an orientation-preserving coordinate chart.
We call such π : Y Ñ ∆ (sometimes abbreviated simply to Y , when no confusion is
likely to result) satisfying these assumptions a genus 1 Lefschetz fibration.
4.1. Genus 1 Lefschetz fibrations. We begin with some generalities on genus 1
Lefschetz fibrations π : Y Ñ ∆. These ideas are fairly well-known (see, for instance,
[GS99, Section 8]); our presentation broadly follows that given by Auroux [Aur15].
Choose a smooth fibre C over a point x8 on the boundary B∆ of ∆, along with
paths γi Ă ∆zΣ from x8 to xi, assumed to be disjoint from each other and B∆
except for at the common starting point x8. Relabelling as necessary, we may
assume that the paths emanating from x8 are labelled γ1, γ2, . . . , γn in a clockwise
order.
The fibre C over x8 is a smooth 2-torus; recall from Example 2.15 that H1pC,Zq,
equipped with the usual intersection form, is isomorphic to the pseudolattice E. The
singular fibre over a critical value xi is a nodal curve, obtained from C by collapsing
a simple closed curve vi Ă C called the vanishing cycle; we denote the homology
class of vi by rvis P H1pC,Zq.
Monodromy around a loop based at x8 acts on C as an element of the mapping
class group SLp2,Zq of the 2-torus. More precisely, for each point xi, monodromy
around the loop given by going out along the curve γi, around a small anticlockwise
loop containing xi, then back along γi acts on C as a Dehn twist τi P SLp2,Zq
around the vanishing cycle vi. Moreover, anticlockwise monodromy around B∆
gives a further element τ8 P SLp2,Zq, which we call the total monodromy. This
setup gives a monodromy factorization of τ8 as the product of the τi, we write it
as
τ8 “ pτ1, τ2, . . . , τnq.
Choose generators a, b P E – H1pC,Zq as in Definition 2.14, and let δa, δb P
SLp2,Zq denote Dehn twists along corresponding curves in C. The mapping class
group is generated by δa and δb and these correspond, respectively, to the generators
M1,0 :“
ˆ
1 1
0 1
˙
and M0,1 :“
ˆ
1 0
´1 1
˙
of SLp2,Zq. The Dehn twist about a simple closed curve in the class pa ` qb P
H1pC,Zq then corresponds to the matrix
Mp,q :“
ˆ
1´ pq p2
´q2 1` pq
˙
P SLp2,Zq.
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If rvis :“ pia`qib P H1pC,Zq, then the Dehn twist τi associated to γi corresponds
to the matrix Mpi,qi . Thus the monodromy factorization
τ8 “ pτ1, τ2, . . . , τnq
may be rewritten as a matrix product
M8 “Mp1,q1Mp2,q2 ¨ ¨ ¨Mpn,qn ,
where M8 is the total monodromy matrix.
It is well-known that, for a given choice of special fibre C and paths γi, the mon-
odromy factorization completely determines the structure of Y . However, different
choices of the paths γi will lead to different monodromy factorizations for the same
Y , as will different choices of basis pa, bq for H1pC,Zq – E. To account for this,
note that the set of possible choices for the paths tγ1, . . . , γnu (up to deformation
in ∆zΣ) is acted on by the n-strand braid group Bn. The corresponding action of
Bn on monodromy factorizations is called Hurwitz equivalence and is generated by
the Hurwitz moves
pτ1, . . . , τi´1, τi, τi`1, τi`2, . . . , τnq „ pτ1, . . . , τi´1, pτiτi`1τ
´1
i q, τi, τi`2, . . . , τnq
and their inverses; geometrically, the Hurwitz move above corresponds to deforming
the path γi`1 across the point xi. Moreover, a different choice of basis pa, bq for
H1pC,Zq – E acts on the monodromy factorization by global conjugation, which
simply replaces every τi with ψτiψ
´1 for some ψ P SLp2,Zq (note that this operation
also changes τ8 to ψτ8ψ
´1).
This justifies the following well-known theorem, which seems to be originally due
to Moishezon [Moi77, Section II.2]; this form appears in [Aur15, Section 2.1].
Theorem 4.1. The classification of genus 1 Lefschetz fibrations π : Y Ñ ∆, up to
diffeomorphism, is equivalent to the classification of monodromy factorizations in
SLp2,Zq, up to Hurwitz equivalence and global conjugation.
4.2. Genus 1 Lefschetz fibrations and pseudolattices. We next develop the
relationship between this fairly classical picture and the theory of pseudolattices
developed in the previous sections. Most of the ideas here are not new, but there
has been a resurgence in their study following the development of the theory of
string junctions in the physics literature. In our discussion we follow the recent
mathematical treatment of string junctions by Grassi, Halverson, and Shaneson
[GHS16].
By parallel transporting the vanishing cycle vi along the path γi we obtain a thim-
ble ti. Let J denote the free abelian group generated by the thimbles tt1, . . . , tnu; its
general element is a formal sum
řn
i“1 kiti, for ki P Z, such sums are called junctions.
Grassi, Halverson, and Shaneson [GHS16, Theorem 2.5] show that the natural map
J Ñ H2pY,C;Zq taking a thimble ti to its class rtis in relative homology is an
isomorphism; we therefore have that H2pY,C;Zq is a free abelian group of rank n
generated by trt1s, . . . , rtnsu. There is a natural map φ : H2pY,C;Zq Ñ H1pC,Zq
called the asymptotic charge, arising from the long exact sequence of a pair, which
takes the class rtis of a thimble ti to the class rvis of its corresponding vanishing
cycle vi.
We can equip H2pY,C;Zq with a bilinear form as follows, which we call the Seifert
pairing after an analogous notion in singularity theory [AGZV88, Section 2.3]. Let
ǫ “ 1 ´maxziPΣ |zi| ą 0 and define a closed disc ∆
1 :“ tz P C : |z| ď 1 ´ ǫu. Note
that Σ Ă ∆1 Ă ∆ by construction. Fix a group of diffeomorphisms ϕθ : ∆Ñ ∆, for
each θ P R, so that ϕθ fixes the disc ∆
1 and acts as an clockwise rotation through
an angle of θ on B∆. Let ψθ denote a family of lifts of these diffeomorphisms to
diffeomorphisms of Y .
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Definition 4.2. The Seifert pairing
x¨, ¨ySft : H2pY,C;Zq ˆH2pY,C;Zq ÝÑ Z
is the map sending pu1, u2q to the topological intersection product xu1, pψpiq˚u2ytop.
Note that the definition of the Seifert pairing depends only upon Y ; in particular,
it does not depend upon the choices of the smooth fibre C or the paths γi.
Given a basis prt1s, . . . , rtnsq of thimbles for H2pY,C;Zq (which does depend
upon the choices of paths γi), we may compute the Seifert pairing explicitly. With
notation as above, if φprtisq “ pia` qib, the Seifert pairing on thimbles is given by
xrtis, rtjsySft “
$&%
qipj ´ piqj if i ă j
1 if i “ j
0 if i ą j
and may be extended to H2pY,C;Zq by linearity.
Remark 4.3. The Seifert pairing defined above is not the same as the junction
pairing used in the string junction literature (see, for instance, [GHS16, Definition
2.8]). Instead, if χ is the Gram matrix of the Seifert pairing, the junction pairing
arises as the symmetrized form ´ 1
2
pχ` χT q.
The diffeomorphism ψ´2pi induces an automorphism pψ´2piq˚ : H2pY,C;Zq Ñ
H2pY,C;Zq. These concepts give us a pseudolattice.
Proposition 4.4. Let π : Y Ñ ∆ be an genus 1 Lefschetz fibration.
(1) H2pY,C;Zq, equipped with the Seifert pairing, is a unimodular pseudolattice,
with Serre operator given by pψ´2piq˚
(2) After fixing an ordered set of paths γi, the classes of the corresponding
thimbles prt1s, . . . , rtnsq give an exceptional basis for H2pY,C;Zq, such that
rvis :“ φprtisq P H1pC,Zq is primitive for each 1 ď i ď n. Hurwitz moves
act on this exceptional basis as mutations.
(3) Define ζ : Zprv1s, . . . , rvnsq Ñ E as in Example 2.24. Then there is an
isomorphism H2pY,C;Zq – Zprv1s, . . . , rvnsq that commutes with the maps
to E, such that the twists Tζi are the Dehn twists τi and the factorization
Tζ “ Tζ1 ¨ ¨ ¨Tζn is the monodromy factorization.
Proof. The only difficult part of (1) is the statement about the Serre operator.
Indeed, note that xu2, pψ´2piq˚u1ySft is equal to the topological intersection product
xu2, pψ´piq˚u1ytop, and this latter intersection is equal to xpψpiq˚u2, u1ytop as ψpi is
a diffeomorphism. Finally, the topological intersection product is symmetric on
4-manifolds, so xu2, pψ´2piq˚u1ySft “ xu1, pψpiq˚u2ytop “ xu1, u2ySft, as required.
The proof of (2) is straightforward: the fact that prt1s, . . . , rtnsq forms an excep-
tional basis is immediate from the definition, and the classes rvis P H1pC,Zq are
primitive as the vanishing cycles are all simple closed curves. The statement about
mutations is a simple computation using the explicit description of the monodromy
matrices Mp,q and the Seifert pairing.
Finally, to prove (3), note that the isomorphism H2pY,C;Zq Ñ Zprv1s, . . . , rvnsq
is just the map taking the exceptional basis of thimbles prt1s, . . . , rtnsq to the stan-
dard exceptional basis pz1, . . . , znq of Zprv1s, . . . , rvnsq (c.f. Example 2.24); it is easy
to check that this map is an isomorphism of pseudolattices. 
The following corollary is immediate from Proposition 4.4(3) and the properties
of Zprv1s, . . . , rvnsq Ñ E, as computed in Example 2.24.
Corollary 4.5. Let π : Y Ñ ∆ be an genus 1 Lefschetz fibration. Then the as-
ymptotic charge map φ : H2pY,C;Zq Ñ H1pC,Zq is a relative p´1q
0-CY spherical
homomorphism of pseudolattices.
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4.3. Quasi Landau-Ginzburg models. Combining Proposition 4.4 with Theo-
rem 4.1, we see that the problem of classifying genus 1 Lefschetz fibrations may
be reduced to a question about exceptional bases and spherical homomorphisms.
In particular, we may use Theorem 3.25 to classify genus 1 Lefschetz fibrations,
under the assumption that the asymptotic charge map is a quasi del Pezzo homo-
morphism. To arrange this, we make the following definition.
Definition 4.6. A quasi Landau-Ginzburg (LG) model is a genus 1 Lefschetz fi-
bration π : Y Ñ ∆ (or simply Y , when no confusion is likely to result) such that,
for some choice of fibre C over a point in B∆ and basis pa, bq for H1pC,Zq – E, the
following properties hold:
(1) in the basis pa, bq for E, the total monodromy has matrix
`
1 n´12
0 1
˘
, where
n is the number of singular fibres in Y ; and
(2) rpaq is primitive in H2pY,C;Zq, where r is the right adjoint to the asymp-
totic charge map φ : H2pY,C;Zq Ñ H1pC,Zq – E.
Remark 4.7. This definition may be thought of as a weaker version of the definition
of a Landau-Ginzburg model given by Auroux, Katzarkov, and Orlov [AKO06].
Indeed, [AKO06] defines a Landau-Ginzburg model to be an elliptic fibration over
C, having n singular fibres of Kodaira type I1, that may be compactified to a
rational elliptic surface over P1 by the addition of a singular fibre of Kodaira type
I12´n at infinity. Note that this definition assumes that n ă 12. It is easy to see
that, if one shrinks the base of such a Landau-Ginzburg model to a closed disc, the
resulting fibration will satisfy Definition 4.6.
It follows that if π : Y Ñ ∆ is a quasi LG model, then φ : H2pY,C;Zq Ñ H1pC,Zq
satisfies the conditions of Propositions 3.1, 3.2, and 3.3; in particular, H2pY,C;Zq is
surface-like with point-like vector rpaq and 12´n “ qpK,Kq P Z, where K denotes
the canonical class K “ ´rrpbqs P NSpH2pY,C;Zqq. Moreover, since n is the rank
of H2pY,C;Zq, Remark 3.4 shows that the defect δpH2pY,C;Zqq “ 0.
By Proposition 4.4 and Corollary 4.5, we immediately see that if π : Y Ñ ∆ is
a quasi LG model, then φ : H2pY,C;Zq Ñ H1pC,Zq satisfies conditions (1)-(3) of
Definition 3.7. To show that condition (4) also holds, so that φ : H2pY,C;Zq Ñ
H1pC,Zq is quasi del Pezzo, we will need to work a little harder.
We begin by showing that the properties of NSpH2pY,C;Zqq may be computed
from more familiar topological quantities. Recall that, for any oriented 4-manifold
Y , there is an intersection pairing,
H2pY,Zq ˆH2pY,Zq Ñ Z
making H2pY,Zq into a lattice. We use σpY q to denote the σ-invariant of this
pairing (see Definition 3.5). The following result appears in the proof of [Aur05,
Lemma 16].
Lemma 4.8. Let π : Y Ñ ∆ be an genus 1 Lefschetz fibration and let N be the kernel
of the asymptotic charge map φ, equipped with the pairing induced by x¨, ¨ySft. Then
σpY q “ ´σpNq.
Remark 4.9. The Seifert form on N disagrees with the form used by Auroux [Aur05]
by a factor of p´1q, hence the slight difference between our statement and his.
Using this we obtain the following result.
Lemma 4.10. Let Y be a quasi LG model. Choose a fibre C as in Definition 4.6
and let K denote the canonical class in the Néron-Severi lattice NSpH2pY,C;Zqq.
Let KK denote the orthogonal complement of K in NSpH2pY,C;Zqq, equipped with
the pairing qp¨, ¨q. Then σpKKq “ σpY q.
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Proof. For any u P H2pY,C;Zq, we have φpuq “ 0 if and only if xφpuq, ayE “
xφpuq, byE “ 0. Applying adjunction, we see that this is true if and only if v P
prpaq, rpbqqK, so N “ kerpφq “ prpaq, rpbqqK. This is of course the orthogonal
complement of rpbq in rpaqK “ pK, which is equivalent to KK in NSpH2pY,C;Zqq
by Proposition 3.2. We thus see that σpKKq “ ´σpNq, as q is defined to be the
negative of the Seifert form. Applying the previous lemma gives the result. 
The following lemma, whose proof is straightforward, shows that we may use
this to deduce σpNSpH2pY,C;Zqqq from σpK
Kq “ σpY q and qpK,Kq.
Lemma 4.11. If u is an element of a lattice L equipped with a nondegenerate
symmetric bilinear form qp¨, ¨q, then
σpuKq “
$’&’%
σpLq ´ 1 if qpu, uq ą 0
σpLq if qpu, uq “ 0
σpLq ` 1 if qpu, uq ă 0
It remains to compute the invariants σpY q. To do this we use work of Matsumoto
[Mat83], following earlier work of Meyer [Mey73].
Proposition 4.12. Let Y be a quasi LG model with n singular fibres. Then
σpY q “
$’&’%
5´ n if n ă 12
´8 if n “ 12
3´ n if n ą 12
Proof. This proof is a simple minded generalization of a result of Matsumoto
[Mat83, Theorem 6]. We first recall a result of Meyer [Mey73, Satz 5] which
computes the σ-invariant of a torus bundle π0 : F Ñ B over an oriented, con-
nected 2-dimensional manifold with boundary B. For concreteness, assume that
B is a closed disc ∆ with n open discs Di removed from its interior. Decompose
BB “ B∆Y C1 Y ¨ ¨ ¨ Y Cn into its connected components and let τi, τ8 P SLp2,Zq
be the monodromies around Ci, B∆ respectively, making sure to take each bound-
ary curve oriented counterclockwise with respect to the orientation on B. Meyer
[Mey73, §5] defines a class function
φ : SLp2,Zq ÝÑ p1
3
qZ,
such that the value of φpτiq only depends on τi up to conjugation. Then [Mey73,
Satz 5] states that
(4) σpF q “ φpτ8q `
nÿ
i“1
φpτiq.
Now let Σ :“ tx1, . . . , xnu Ă ∆ be the critical set of π : Y Ñ ∆ and let Fi be
the singular fibre over xi. If we let Di be small open discs around each xi and let
Ni :“ π
´1pDiq, then F :“ Y z
Ťn
i“1Ni is a torus fibration over B :“ ∆z
Ťn
i“1Di,
to which we may apply Equation (4) to compute the signature.
Once this is done, we may apply Novikov’s additivity theorem or, more precisely,
Wall’s non-additivity theorem [Wal69], to show that
σpY q “ σpF q `
nÿ
i“1
σpNiq “ φpτ8q `
nÿ
i“1
pφpτiq ` σpNiqq.
Matsumoto [Mat83, Corollary 8.1] shows that for a singular fibre obtained by
collapsing a simple closed curve on a smooth 2-torus (Kodaira type I1), φpτiq `
σpNiq “ ´
2
3
. Therefore, since all of our fibres are of this type, we have that
σpY q “ φ
`
1 n´12
0 1
˘
´ 2n
3
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According to [Mey73, pp. 261], for d P Z we have that
φ
ˆ
1 d
0 1
˙
“
$’&’%
1´ d{3 if d ă 0
0 if d “ 0
´1´ d{3 if d ą 0
Putting this together with the equation for σpY q above proves the claim. 
We now combine these results to prove that condition (4) from Definition 3.7
holds.
Proposition 4.13. If Y is a quasi LG model with n singular fibres and chosen
fibre C, then the signature of the Néron-Severi lattice NSpH2pY,C;Zqq is p1, n´3q.
Proof. We know by Proposition 3.3 that qpK,Kq “ 12´ n. Therefore, by Lemmas
4.10 and 4.11, we see that
σpNSpH2pY,C;Zqqq “
$’&’%
σpY q ´ 1 if n ă 12
σpY q if n “ 12
σpY q ´ 1 if n ą 12
Hence, by Proposition 4.12, σpNSpH2pY,C;Zqqq “ 4 ´ n. Since NSpH2pY,C;Zqq
is a nondegenerate lattice of rank n, it follows that its signature is p1, n ´ 3q, as
required. 
Putting everything together, we obtain the following result.
Theorem 4.14. Let π : Y Ñ ∆ be a quasi Landau-Ginzburg model. Choose a fibre
C over a point in B∆ and a basis pa, bq for H1pC,Zq – E so that Definition 4.6
holds. Then the asymptotic charge map φ : H2pY,C;Zq Ñ H1pC,Zq is a quasi del
Pezzo homomorphism.
We may therefore apply Theorem 3.25 in this setting.
Theorem 4.15. Let π : Y Ñ ∆ be a quasi Landau-Ginzburg model with n singular
fibres. Choose a fibre C over a point in B∆ and a basis pa, bq for H1pC,Zq – E
so that Definition 4.6 holds. Then, after a sequence of Hurwitz moves and a global
conjugation (which preserves the total monodromy), π : Y Ñ ∆ has monodromy
factorization`
1 n´12
0 1
˘
“M0,1M3,1M6,1M
n´3
1,0 “
`
1 0
´1 1
˘`
´2 9
´1 4
˘`
´5 36
´1 7
˘
p 1 10 1 q
n´3
,`
1 ´8
0 1
˘
“M0,1M2,1M2,1M4,1 “
`
1 0
´1 1
˘`
´1 4
´1 3
˘`
´1 4
´1 3
˘`
´3 16
´1 5
˘
,
when n ě 3 and n “ 4 respectively. Moreover, the two cases with n “ 4 are not
equivalent up to Hurwitz moves and global conjugation.
Proof. This is an immediate consequence of Theorem 3.25, Proposition 4.4, and the
explicit description of the Dehn twist matrices Mp,q. 
Remark 4.16. The existence of two distinct monodromy factorizations when n “ 4
was previously observed by Auroux [Aur15, Proposition 3.1], who also showed that
the corresponding genus 1 Lefschetz fibrations π : Y Ñ ∆ are topologically distinct.
The following corollary is an immediate consequence of Theorems 4.1 and 4.15.
Corollary 4.17. There is precisely one quasi Landau-Ginzburg model with n sin-
gular fibres for each n ě 3 and n ‰ 4, up to diffeomorphism, and there are two
when n “ 4.
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Remark 4.18. It is interesting to ask what happens if we relax the assumption on the
relationship between the number of singular fibres of Y and the total monodromy in
Definition 4.6. Indeed, suppose that Y contains n singular fibres and that the total
monodromy has matrix
`
1 ´d
0 1
˘
, for some d. In this case, the defect δpH2pY,C;Zqq “
d` n´ 12; we call such fibrations defective Landau-Ginzburg models.
The classification of defective Landau-Ginzburg models poses an interesting ques-
tion. As a first step, it is not difficult to show that the defect must be divisible by
12. Indeed, as the abelianization of SLp2,Zq is Z{12Z and Dehn twists are sent to
1 P Z{12Z under this map, any factorization of the identity matrix I2ˆ2 into a prod-
uct of k Dehn twist matrices Mp,q has k divisible by 12. Moreover, the monodromy
factorization gives a factorization of
`
1 ´d
0 1
˘
into a product of n such matrices.
If d ě 0, we may write I2ˆ2 “
`
1 ´d
0 1
˘
Md1,0, so we must have n ` d divisible by
12 in this case. On the other hand, if d ă 0, note that we may write
`
1 ´9
0 1
˘
“
M0,1M3,1M6,1. Set d “ ´9q ` r for q ą 0 and 0 ď r ă 9. Then we may write`
1 ´d
0 1
˘`
1 ´9
0 1
˘q
M r1,0 “
`
1 ´d
0 1
˘
pM0,1M3,1M6,1q
qM r1,0 “ I2ˆ2,
so n` 3q` r ” n` d ” 0 pmod 12q. Thus the defect is divisible by 12 in all cases.
When d ď 0, it follows from Theorem 4.1 and a result of Cadavid and Vélez
[CV09, Theorem 20] that a defective Landau-Ginzburg model is uniquely deter-
mined, up to diffeomorphism, by n and d, and all cases are realized subject to the
condition that the defect is divisible by 12. However, in general the question of
classifying defective Landau-Ginzburg models seems to be open. The obstacle to
using our methods in this more general setting is the fact that defective Landau-
Ginzburg models fail the signature condition (4) in Definition 3.7, which prevents
us from applying Kuznetsov’s theorem (Theorem 3.12); an analogue of Kuznetsov’s
theorem without this signature condition seems difficult to prove.
5. Mirror Symmetry
The fact that the classification of quasi Landau-Ginzburg models parallels the
classification of quasi del Pezzo surfaces may initially seem surprising, but in the
context of mirror symmetry this result is very natural. Indeed, homological mirror
symmetry predicts that if Z and Zˇ are mirror objects, then there is a an algebraic
category DpZq, whose objects are certain complexes of coherent sheaves on Z,
which is derived equivalent to a symplectic category FpZˇq, whose objects are built
from decorated Lagrangians on Zˇ.
For example, Polishchuk, Zaslow, Abouzaid, and Smith [PZ98, AS10] have proved
that, if C and Cˇ are dual elliptic curves, then there is a derived equivalence be-
tween the bounded derived categoryDpCq of coherent sheaves on C and the derived
Fukaya category FpCˇq of Cˇ. In particular, we find that the numerical Grothendieck
groups Knum0 pDpCqq and K
num
0 pFpCˇqq – H1pCˇ,Zq are isomorphic, which explains
the fact (see Example 2.15) that both are isomorphic to the elliptic curve pseu-
dolattice E.
In our setting, given the results of Auroux, Katzarkov, and Orlov [AKO06] on
homological mirror symmetry for del Pezzo surfaces, it does not seem unreasonable
to postulate that the (homological) mirror to a quasi del Pezzo surface X with
degree K2X “ d should be a quasi Landau-Ginzburg model π : Y Ñ ∆ with 12 ´
d singular fibres. If this were the case, we would expect there to be a derived
equivalence between the bounded derived category DpXq of coherent sheaves on
X and the derived Fukaya-Seidel category FpY q. Whilst we do not prove such a
statement, we can exhibit its shadow on the level of numerical Grothendieck groups.
Indeed, if Y is a quasi LG model with chosen fibre C, it follows from the discus-
sion in [Sug16, Section 6.1] that Knum0 pFpY qq, with its Euler pairing, is isomorphic
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as a pseudolattice to H2pY,C;Zq with the Seifert pairing. Using this fact, the main
results of this paper immediately give the following theorem, which may be thought
of as a special case of a conjecture of Auroux [Aur07, Conjecture 7.7].
Theorem 5.1. Let X be a quasi del Pezzo surface, with smooth anticanonical
divisor C satisfying C2 “ d. Then there exists a quasi Landau-Ginzburg model
π : Y Ñ ∆ with 12´ d singular fibres and distinguished fibre Cˇ, which is unique up
to diffeomorphism, such that there are isomorphisms of pseudolattices making the
following diagram commute
Knum0 pDpXqq
„
//
i˚

Knum0 pFpY qq
φ

Knum0 pDpCqq
„
// Knum0 pFpCˇqq.
Here i˚ : Knum0 pDpXqq Ñ K
num
0 pDpCqq is the map induced by the inclusion i : C Ñ
X and φ is the asymptotic charge map.
It can also be shown that Theorem 5.1 gives a one-to-one correspondence between
complex deformation classes of quasi del Pezzo surfaces and diffeomorphism classes
of quasi Landau-Ginzburg models, as one would expect from a mirror statement.
In fact, mirror symmetry suggests that one should be able to go further, and relate
the complex moduli of quasi del Pezzo surfaces to the space of symplectic structures
on the corresponding quasi Landau-Ginzburg models, but this question is beyond
the scope of this paper.
We conclude with a brief note about noncommutative geometry. In [AKO08],
Auroux, Katzarkov, and Orlov discuss homological mirror symmetry for noncom-
mutative projective planes. On the level of pseudolattices, however, there is no dif-
ference between the commutative and noncommutative settings in this case: there
is only one surface-like pseudolattice of rank 3 (c.f. Proposition 3.19).
If we proceed to pseudolattices of rank 4, however, this situation changes. The
classification of rank 4 surface-like pseudolattices by de Thanhoffer de Volcsey and
Van den Bergh [dTdVdB16, Theorem A] shows that there are infinitely many such
pseudolattices: an infinite family parametrized by n P N plus a single exceptional
case. Only two of these pseudolattices arise from commutative del Pezzo surfaces:
the Hirzebruch surface F1 (corresponding to n “ 1 in the infinite family) and
P1 ˆ P1 (corresponding to the exceptional case). This is essentially the content of
Proposition 3.21.
However, results of Belmans and Presotto [BP18] suggest that the remaining
cases n ě 2 can be realized by noncommutative surfaces, obtained by constructing
sheaves of maximal orders on F1; intuitively, this construction may be thought of
as blowing up P2 in a fat point. Interestingly, [BP18, Proposition 39] shows that
these orders are only del Pezzo, in the sense of [CK03], when n “ 2.
Examining the proof of Proposition 3.21, one may check that most of the condi-
tions defining a quasi del Pezzo homomorphism still hold in this noncommutative
setting (although, considering the discussion above, perhaps “del Pezzo” is not an
appropriate choice of terminology in this setting); the only exception is the primi-
tivity condition 3.7(3). Intuitively, this happens because the blow-ups considered in
[BP18] occur at fat points, which correspond to imprimitive elements of the elliptic
curve pseudolattice. This suggests that it may be possible to extend our definition
of quasi del Pezzo homomorphisms to the noncommutative setting by dropping the
primitivity condition 3.7(3).
In the context of [AKO06, AKO08], it should also be possible to see how these
“fat point blow-ups” behave under mirror symmetry for noncommutative surfaces.
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Naïvely, we might expect a non-commutative Landau-Ginzburg model to look like
a genus 1 Lefschetz fibration that contains some “fat vanishing cycles” (i.e. van-
ishing cycles that are not primitive), as this would give the required relaxing of
the primitivity condition 3.7(3). However, it is unclear how such objects should be
realized geometrically.
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